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Abstract

The attention of the current paper, is to discover a new subclass Mp,q(ζ,Ψ) and Fp,q

(
δ,Ψ

)
of

bi-univalent functions in the open disc U, using (p, q)−differential operator. Furthermore, we
perceive estimates on coefficients |x2| and |x3| for functions in the new subclass.
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1 Introduction

Let A be a sign of the class of functions of the structure,

L (ς) = ς +

∞∑
d=2

adς
d, (1)

which are analytic in the open unit disc U = {ς : |ς| < 1}. Also,S indicates the set of all subclasses
of A that are schlit or univalent in U. In spite of the inverse functions of single-value functions are
inverse functions, they don’t need to be defined on the whole unit disc U. Obviously, according to

theKöebe′s one-quarter theorem [4], which states that the disc with radius 1

4
is the co-domain of

U. As a result, each and every univalent function L has an inverse L −1 satisfying,

L −1(L (ς)) = ς,
(
ς ∈ U

)
, and H (w) = L −1(L (w)) = w,

(
|w| < r0(L ); r0(L ) ≥ 1

4

)
,

where

L −1(w) = w − x2w
2 + (2x2

2 − x3)w
3 − (5x3

2 − 5x2x3 + x4)w
4 + . . . . (2)

A function L ∈ A is said to be bi-univalent in U if both L (ς) and L −1(ς) are univalent in U.
Let Σ denote the class of bi-univalent functions in U given by (1). For a summary of the facts
history and compulsive examples of functions in the class Σ, various writers have established and
demonstrated subclasses of Σ.

The classes H α
Σ (0 < α ≦ 1) andΣ∗(α) of bi-univalent functions were introduced by Srivastava

et al. [13] and Brannan et al. [1] respectively and they showed for every function f ∈ Σ of the
form (1). Lewin [8] investigated the bi-univalent function class Σ and showed that |a2| < 1.51.
Hadi et al. [6] have concerned in examining of bi-univalent functions and investigated the bounds
of the coefficients estimate |a2| and |a3| by using q-convolution operator.

For two analytic functions in the unit disc U, then an analytic function L is subordinate to an
analytic function G , written L (ς) ≺ G (ς) if L can be indicate in form of composition of G and
w as L (ς) = G (w(ς)) subject to the existance of analytic function w that satisfies the following
condition w(0) = 0 and |w(ς)| < |(ς)|.

In their work, Ma and Minda [10] introduced a unification of different subclasses of starlike
and convex functions. They considered an analytic function Ψ defined on the domain U, where
U is a unit disc. The function Ψ satisfies Ψ(0) = 1 and Ψ

′
(0) > 0. In addition, it is assumed that

Ψ maps the unit disk onto a region that is starlike with respect to a specific point and symmetric
with respect to the real axis. In the follow-up, it is assumed that a function of this kind can be
represented by a series expansion in the structure,

Ψ(ς) = 1 +X1ς +X2ς
2 +X3ς

3 + · · · (X1 > 0). (3)

The concept of strongly starlike functions is a topic in complex analysis and typically deals with
starlike functions with respect to some fixed point. In this case, you have mentioned a function,

Ψ(ς) =

(
1 + ς

1− ς

)γ

= 1 + 2γς + 2γ2ς2 + · · · (0 < γ ≤ 1), (4)

andwant to determine if it belongs to the class of strongly starlike functions of order γ(0 < γ ≤ 1),
which provides X1 = 2γ and X2 = 2γ2.
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The quantum calculus has numerous applications in the fields of special functions and many
further spaces. We utilize essential notations and (p, q)−calculus is handed by Chakrabarti and
Jagannathan [2],

[d]p,q =
pd − qd

p− q
, p > 0, q > 0.

In particular, we attain,

lim
p→1

[d]p,q = [d]q,

which studied by Kac and Cheung [7].
Obviously, the notation is symmetric, i.e,

[d]p,q = [d]q,p.

Note that,Milovanović et al. [11] andGupta[5] established somebasic properties of (p, q)−operators.

Definition 1.1. The (p, q)−derivative operator of a function L is defined by,

Dp,qL (ς) =
L (pς)− L (qς)

ς(p− q)
, (p ̸= q, ς ∈ U), (5)

Dp,qL (ς) = 1 +

∞∑
d=2

[d]p,qadς
d−1, (6)

in addition we remark that lim
q−→1−

lim
p−→1−

Dp,qL (ς) = L
′
(ς),

(
Dp,qL

)
(0) = L

′
(0),

provided that L is differentiable at 0.

2 Bi-Univalent Function ClassMp,q(ζ,Ψ)

We introduce a subclass Mp,q(ζ,Ψ) of Σ and find approximate on the coefficient |x2| and |x3|
for the functions in the recently developed subclass, by subordination.

Definition 2.1. A function L in the form (1) belongs to the class Mp,q(ζ,Ψ) if it satisfies the following
subordination conditions,

(1− ζ)

(
ςDp,qL (ς)

L (ς)

)
+ ζ

(
Dp,q

(
ςDp,qL (ς)

)
Dp,qL (ς)

)
≺ Ψ(ς), (0 ≤ ζ ≤ 1, 0 < p < 1, 0 < q < 1), (7)

and

(1− ζ)

(
wDp,qH (w)

H (w)

)
+ ζ

(
Dp,q

(
wDp,qH (w)

)
Dp,qH (w)

)
≺ Ψ(w), (0 ≤ ζ ≤ 1, 0 < p < 1, 0 < q < 1),

(8)

where ς , w are within U, and H is defined as in (2).
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Remark 2.1.

1. For p → 1−, q → 1−, the classMp,q(ζ,Ψ) reduces the class M(γ, ζ) studied by Li and Wang [9].

2. For p → 1−, q → 1− and ζ = 0, the class Mp,q(ζ,Ψ) reduces to the class SΣ(λ, γ, φ) which
introduced by Deniz [3].

3. For p → 1−, γ = 0, λ = 1 and different parameters r, s, t, the class investigated by Srivastava et al.
[14] reduces to the class Mq(ζ,Ψ), for p → 1−, σ = 1, δ = 0 and some parameters of t, n we have
the class studied by Wanas and Mahdi [15].

We require this lemma to establish the main result.

Lemma 2.1. [12] Let T be the family of all functions S that are analytic in U with S(0) = 1 and
ℜ(S(ς)) > 0(∀ς ∈ U). If a functionS ∈ T is given byS(ς) = 1+ r1ς + r2ς

2 + . . . for ς in the unite disk
then |rk| ≤ 2 (∀ k ∈ N).

3 Main Result

Theorem 3.1. Let L (ς) given by (1) be in the class Mp,q(ζ,Ψ). Then,

|x2| ≤
X1

√
X1√∣∣∣∣((Z − 1

)(
1− ζ + Zζ

)
−
(
Y − 1

)(
1− ζ + Y 2ζ

))
X2

1 +
(
Y − 1

)2(
1− ζ + Y ζ

)2(
X1 −X2

)∣∣∣∣
,

(9)

and

|x3| ≤
(

X1(
Y − 1

)(
1− ζ + Y ζ

))2

+

(
X1(

Z − 1
)(
1− ζ + Zζ

)), (10)

where 0 ≤ ζ ≤ 1, Y = [2]p,q and Z = [3]p,q .

Proof. Consider L ∈ Mp,q(ζ,Ψ) and L −1 = H . In this scenario, an analytic function exists
F ,G : U → U along F(0) = 0 = G(0), satisfying,

(1− ζ)

(
ςDp,qL (ς)

L (ς)

)
+ ζ

(
Dp,q

(
ςDp,qL (ς)

)
Dp,qL (ς)

)
= Ψ

(
F(ς)

)
, (11)

and

(1− ζ)

(
wDp,qH (w)

H (w)

)
+ ζ

(
Dp,q

(
wDp,qH (w)

)
Dp,qH (w)

)
= Ψ

(
G(w)

)
. (12)

Define the functions η(ς) and J (ς) as follows;

η(ς) :=
1 + F(ς)

1−F(ς)
= 1 + η1ς + η2ς

2 + . . . ,
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and

J (ς) :=
1 + G(ς)
1− G(ς)

= 1 + J1ς + J2ς
2 . . . .

Alternatively,

F(ς) :=
η(ς)− 1

η(ς) + 1
=

1

2

[
η1ς +

(
η2 −

η21
2

)
ς2 + . . .

]
, (13)

G(ς) := J (ς)− 1

J (ς) + 1
=

1

2

[
J1ς +

(
J2 −

J 2
1

2

)
ς2 + . . .

]
. (14)

Both η(ς) and J (ς) are analytic within U and share the initial values η(0) = 1 and J (0) = 1.
Since G and F are functions that map from U to U, η(ς) and J (ς) exhibit a real part that is greater
than zero when evaluated in U, in which|Jk| ≤ 2, |ηk| ≤ 2.

By substituting (13) into (11) and (14) into (12), we obtain

(1− ζ)

(
ςDp,qL (ς)

L (ς)

)
+ ζ

(
Dp,q

(
ςDp,qL (ς)

)
Dp,qL (ς)

)
= Ψ

(
1

2

[
η1ς +

(
η2 −

η21
2

)
ς2 + . . .

])
, (15)

and

(1− ζ)

(
wDp,qH (w)

H (w)

)
+ ζ

(
Dp,q

(
wDp,qH (w)

)
Dp,qH (w)

)
= Ψ

(
1

2

[
J1ς +

(
J2 −

J 2
1

2

)
ς2 + . . .

])
. (16)

In view of (1), (2) and from (15) and (16), we obtain

1 +

[(
1− ζ + Y ζ

)(
Y − 1

)]
x2ς −

[((
Y − 1

)
(
(
1− ζ + Y 2ζ

))
x2
2 +

((
1− ζ + Zζ

)(
Z − 1

))
x3

]
ς2

+ · · · = 1 +
1

2
X1η1ς +

[
1

2
X1

(
η2 −

η21
2

)
+

1

4
X2η

2
1

]
ς2 + · · · ,

and

1−
[
(1− ζ + Y ζ)

(
Y − 1

)]
x2w

+

([
2
(
Z − 1

)(
1− ζ + Zζ

)
−
(
1− ζ + Y 2ζ

)(
Y − 1

)]
x2
2 −

[(
Z − 1

)(
1− ζ + Zζ

]
x3

)
w2

= 1 +
1

2
X1J1w +

[
1

2
X1

(
J2 −

J 2
1

2

)
+

1

4
X2J 2

1

]
w2 + · · · ,

these relationships are as follows: (
Y − 1

)(
1− ζ + Y ζ

)
x2 =

1

2
X1η1, (17)

−
[(
Y − 1

)(
1− ζ + Y 2ζ

)]
x2
2 +

[(
Z − 1

)(
1− ζ + Zζ

)]
x3 =

1

2
X1

(
η2 −

η21
2

)
+

1

4
X2η

2
1 , (18)

−
[(
Y − 1

)(
1− ζ + Y ζ

)]
x2 =

1

2
X1J1, (19)[

2
(
Z − 1

)(
1− ζ + Zζ

)
−
(
Y − 1

)(
1− ζ + Y 2ζ

)]
x2
2

−
[(
Z − 1

)(
1− ζ + Zζ

)]
x3 =

1

2
X1

(
J2 −

J 2
1

2

)
+

1

4
X2J 2

1 .

(20)
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From (17) and (19), we have

η1 = −J1, (21)

and

8
(
Y − 1

)2(
1− ζ + Y ζ

)2
x2
2 = X2

1

(
η21 + J 2

1

)
. (22)

From (18) and (20) and (22),

x2
2 =

X3
1 (η2 + J2)

4

([
(Z − 1)(1− ζ + Zζ)− (Y − 1)(1− ζ + Y 2ζ)

]
X2

1 + (Y − 1)2(1− ζ + Y ζ)2(X1 −X2)

) ·

By utilizing Lemma 2.1 for the coefficients η2 and J2, we obtain

|x2| ≤
X1

√
X1√∣∣∣∣((Z − 1)(1− ζ + Zζ)− (Y − 1)(1− ζ + Y 2ζ))X2

1 + (Y − 1)2(1− ζ + Y ζ)2(X1 −X2)

∣∣∣∣
.

By subtracting (20) from (18) and using (21) and (22), we obtain

x3 =
X2

1

(
η21 + J 2

1

)
8
(
Y − 1

)2(
1− ζ + Y ζ

)2 +
X1

(
η2 − J2

)
4
(
Z − 1

)(
1− ζ + Zζ

) .
Using Lemma 2.1 once more for the coefficients of η1, η2,J1,J2, we have

|x3| ≤
(

X1(
Y − 1

)(
1− ζ + Y ζ

))2

+
X1(

Z − 1
)(
1− ζ + Zζ

) .

For p → 1−, q → 1− and X1 = 2γ, X2 = 2γ2, Theorem 3.1 proceeds the following corollary.

Corollary 3.1. [9] When function L , as expressed in equation (1), is part of the M(γ, ζ) class, then,

|x2| ≤
2γ√∣∣(1 + ζ)(γ + 1 + ζ − ζγ)

∣∣ , (23)

and

|x3| ≤
4γ2

(1 + ζ)2
+

γ

1 + 2ζ
. (24)

4 Bi-Univalent Function Class Fp,q(δ,Ψ)

Definition 4.1. A function L ∈ Σ of the form (1) is said to be in the class Fp,q(ζ,Ψ) if the following
subordination holds;

(1− δ)

(
L (ς)

ς

)
+ δ

(
Dp,qL (ς)

)
≺ Ψ(ς), (0 ≤ δ ≤ 1, 0 < p < 1, 0 < q < 1), (25)
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and (
1− δ

)(H (w)

w

)
+ δ

(
Dp,qH (w)

)
≺ Ψ(w), (0 ≤ δ ≤ 1, 0 < p < 1, 0 < q < 1), (26)

where ς, w ∈ U, and H is given by (2).

Theorem 4.1. Let L given by (1) be in the class Fp,q

(
δ,Ψ

)
. Then,

|x2| ≤
X1

√
X1√∣∣∣∣(1− δ + Zδ

)
X2

1 +
(
1− δ + Y δ

)2(
X1 −X2

)∣∣∣∣
, (27)

and

|x3| ≤ X1

(
1(

1− δ + Zδ
))+

(
X1(

1− δ + Y δ
))2

, where Z = [3]p,q and Y = [2]p,q· (28)

Proof. By following the same steps as in the proof of Theorem 3.1, we obtain the following rela-
tionship; (

1− δ + Y δ
)
x2 =

1

2
X1η1, (29)(

1− δ + Zδ
)
x3 =

1

2
X1

(
η2 −

η21
2

)
+

1

4
X2η

2
1 , (30)

−
(
1− δ + Y δ

)
x2 =

1

2
X1J1, (31)

2
(
1− δ + Zδ

)
x2
2 −

(
1− δ + Zδ

)
x3 =

1

2
X1

(
J2 −

J 2
1

2

)
+

1

4
X2J 2

1 . (32)

From (29) and (31), we get

η1 = −J1, (33)

8
(
1− δ + Y δ

)2
x2
2 = X2

1

(
η21 + J 2

1

)
. (34)

Additionally, by examining (30), (32) and (34), we discover that,

x2
2 =

X3
1

(
η2 + J2

)
4

[(
1− δ + Zδ

)
X2

1 +
(
1− δ + Y δ

)2(
X1 −X2

)] .
By employing Lemma 2.1 for the coefficients η2 and J2, we promptly obtain,

|x2| ≤
X1

√
X1√∣∣∣∣(1− δ + Zδ

)
X2

1 +
(
1− δ + Y δ

)2(
X1 −X2

)∣∣∣∣
.

This establish the bound on |x2| as presented in (27). To express bound on |x3|, by subtracting
(32) from (30) and using (34) we get,

x3 =
X2

1

(
η21 + J 2

1

)
8
(
1− δ + Y δ

)2 +
X1

(
η2 − J2

)
4
(
1− δ + Zδ

) .
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After applying Lemma 2.1 for the coefficients η1, η2, J1 and J2, we get,

|x3| ≤ X1

(
1(

1− δ + Zδ
))+

(
X1(

1− δ + Y δ
))2

. (35)

This completes the proof of Theorem 4.1.

5 Conclusions

In this article, we have presented a novel, subclasses of Σ defined (p, q)−differential operator.
We even found the upper bounds for the coefficients |x2| and |x3| for the functions that belong to
this original subclass and its subclasses.
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